Introduction
The concept of p-injective modules was introduced in 1974 to study von Neumann regular rings, V -rings, self-injective rings and their generalizations ( [16] , [17] ). This was later generalized to Y J-injective modules [24] . Von Neumann regular rings are sometimes called absolutely flat rings in the sense that all left (right) modules are flat (M. Harada (1956) ; M. Auslander (1957) ). Similarly, we may say that von Neumann regular rings are absolutely p-injective since all left (right) modules are p-injective (cf. [13] , [14] , [16] , [30] ). Many authors have studied injective modules over non-semi-simple Artinian rings and flat modules over non-von Neumann regular rings (cf. for example [1] , [2] , [3] , [5] , [6] , [8] , [11] , [12] ). We are thus motivated to study p-injective modules over rings which are not necessarily von Neumann regular. Throughout, A denotes an associative ring with identity and A-modules are unital. The left singular ideal of A is Z( A A) which will be noted Z. A is left non-singular if and only if Z = 0. It is well-known that A is left nonsingular if and only if every left annihilator is a complement left ideal of A. J and Z are fundamental concepts in ring theory ( [3] , [4] , [5] , [7] , [9] , [12] ). Note that A is von Neumann regular if and only if for every left A-module M , Z(M ) is flat [19, Theorem 5] . But if Z(M ) is injective for every left A-module M , A needs not be semi-simple Artinian (cf. [3] , [14] and the example below).
The study of non-singular rings has been motivated by the following well-known facts (among others) : (1) A is left non-singular if and only if A has a von Neumann regular maximal left quotient ring Q (R. E. Johnson). In that case, Q is a left self-injective ring and A Q is the injective hull of A A. (2) The classes of non-singular rings include von Neumann regular rings, hereditary rings and prime rings with non-zero socle. In 1967, F. L. Sandomierski proved that if A is left non-singular and has left finite Goldie dimension, then the homomorphic image of every injective left A-module contains its singular submodule as a direct summand (cf. the bibliography of [3] ). Answering in the negative a question raised by Sandomierski, we showed (1969) that the hypothesis on Goldie dimension is superfluous (cf. Abraham ZAKS' comment in Math. Reviews 40(1970)#5664 and [23] ). A standard reference for nonsingular rings and modules is K. R. Goodearl [4] .
In [28] , we prove the following results : (1) If A is commutative, then every factor ring of A is quasi-Frobeniusean if and only if every factor ring of A is p-injective with maximum condition on annihilators; (2) Every factor ring of A is left self-injective regular with non-zero socle if and only if every factor ring of A is semi-prime with an injective maximal left ideal. Non-singular rings and p-injectivity are concerned in some way or other in the results of the present sequel to [28] . In particular, we characterize von Neumann regular rings with non-zero socle, continuous regular rings and self-injective regular ring in terms of p-injectivity.
Recall [13] , [14] , [16] ). A M is Y J-injective if, for any 0 = a ∈ A, there exists a positive integer n such that a n = 0 and every left A-homomorphism of Aa n into M extends to one of A into M ( [13] , [24] , [26] , [30] ). P -injectivity and Y J-injectivity are similarly definited on the right side. A is called left p-injective (resp. Y J-injective) if and only if A A is p-injective (resp. Y J-injective). P -injectivity is also noted principal injectivity in the literature ( [8] , [10] , [30] ). (But the term p-injective module is used in R. Wisbauer [12] and C. Faith The next lemma is due to HuaPing Yu [15] . As usual, A is called a right (resp. left) SF -ring if every simple right (resp. left) A-module is flat.
Lemma 2. If A is left quasi-duo, then A/J is a reduced ring.

Proposition 3. Let A be a left quasi-duo ring such that
A A/J is p-injective. Then A/J is a strongly regular ring. Proof. Let B = A/J, b ∈ B, b = a + J, a ∈ A, f : Bb → B a left B-homomorphism. Then f : (Aa + J)/J → A/J and f (a + J) = d + J for some d ∈ A. Define a left A-homomorphism g : Aa → A/J by g(ca) = cd + J for all c ∈ A. It is easily seen that g is a well-defined left A-homomorphism. Since A A/J is p-injective, there exists u ∈ A such that g(ca) = cau+J for all c ∈ A. Therefore f (ca+J) = (c+J)f (a+J) = (c + J)(d + j) = cd + J = g(ca) = cau + J = (ca + J)(u + J) for all c ∈ A.
Notation. Write
A satisfies (*) if A has a finite number of maximal right ideals whose product is contained in J. Now an example of a ring satisfying (*).
where K is a field. Then A has only two maximal right 0 K ideals : Since a semi-prime principal left ideal ring is left hereditary, we get
Corollary 9. A is semi-simple Artinian if and only if A is a semiprime principal left ideal ring containing a p-injective maximal left ideal.
In connection with Theorem 1, we have 
Theorem 13. The following conditions are equivalent : (1) A is left continuous regular ; (2) A is a right p-injective ring such that for every cyclic left
Proof. Assume (1). Then Z = 0. In that case, for every cyclic left A- We may now have a nice characterization of left self-injective regular rings. We know that if A is left p-injective, then any left ideal isomorphic to a direct summand of A A is itself a direct summand of A A. The proof of Theorems 13 and 14 then yield.
Theorem 15. (1) A is left continuous regular if and only if A is a left p-injective ring such that for every cyclic left A-module M , A M/Z(M ) is projective ; (2) A is left self-injective regular if and only if A is a left p-injective ring such that for every finitely generated left A-module M ,
We now turn to new characteristic properties of von Neumann regular rings. 
